Abstract. Motivated by the recent experimental attempts to detect the Hofstadter butterfly, we numerically calculate the Hall conductivity in a modulated two-dimensional (2D) electron system with disorder to study the localization. Remarkably we find that one subband can contain more than two critical energies where the states are extended, which suggests the existence of the Hall plateau in the middle of the band. We also show that we can change the number of the critical energies introducing the anisotropy of the periodic potential, which is expected to be feasible in a real experiment.
The problem of a Bloch electron in a magnetic field in two dimensions has long been studied in the history of the quantum mechanics. Theoretically, the interplay of the periodicity and the magnetic field gives rise to a recursive gap structure known as the Hofstadter butterfly [1] . The system exhibits the quantum Hall effect where the intricate gap structure leads to a nontrivial sequence of the Hall integers [2] . Recently a remnant of the non-monotonic behavior of the Hall conductivity peculiar to the Hofstadter butterfly was observed in superlattices patterned on GaAs/AlGaAs heterostructure [3] .
In a two-dimensional system without periodic potentials, it is generally believed that the weak disorder makes almost all the states localized leaving the extend states at the center of the Landau band, where the Hall conductivity jumps from one integer to another. It is natural to expect in a periodic system that each subband carrying non-zero Hall conductivity has extended states at specific energies. The purpose of this work is to understand how the extended states and the Hall plateau behave in the Hofstadter butterfly. We study the scaling property of the Hall conductivity σ xy in a weakly-modulated 2D electron system and identify the energies of extended states for each of butterfly subbands. We obtain the trajectory in the energy-disorder space to show how they move as a function of disorder. Remarkably we find that the number of the critical energies sensitively depends on the anisotropy of the periodic potential, which is controllable in a real experiment.
We consider a two-dimensional system in a strong magnetic field with a square periodic potential
The band structure is characterized by a parameter φ = Ba 2 /(h/e), a number of magnetic flux quanta penetrating unit cell [1] . The disorder potential V d is taken as randomly distributed delta-potentials ±υ 0 , and the energy scale for the disorder is then given by Γ = 4n i υ 2 0 /(2πl 2 ), where l is the magnetic length and n i is the number of the scatterers in a unit area. The magnetic field is assumed to be strong enough so that we consider only the lowest Landau level. We calculate the Hall conductivity using the Kubo formula for zero temperature.
We first consider an isotropic modulation, V x = V y . The calculations are performed for a flux φ = 3/2. The lowest Landau level splits into three subbands in the absence of the disorder, and σ xy for three subbands becomes (1, −1, 1) (in units of −e 2 /h) [2] . Figures 1 show numerical results calculated for the disordered systems with several sizes. The panel (a) shows σ xy with the density of states. We also show in the panel (b) the inverse localization length 1/L loc estimated by the Thouless number method [4] . We can immediately see that the Hall conductivity has fixed points at σ xy = 1/2 for each subbands, which agree quite well with the critical energies where the localization length diverges. σ xy off the fixed points always approaches 1(0) in the area σ xy > (<)1/2, leading to the Hall plateau in an infinite system (shown as step-like lines in (a)). Therefore it is natural to identify the positions of the extended states as the points of σ xy = 1/2, that is exactly the method adopted in the following. The panel (c) in Fig. 1 shows the trace of the critical energies identified as the positions of σ xy = 1/2 for several values of Γ. Three lines with the Hall integer 1, −1, 1 become closer as the disorder increased, and combine together leaving with the Hall integer 1.
The localization property significantly changes when the modulation becomes anisotropic (i.e., V x = V y ). Fig. 2 shows the Hall conductivity calculated for the disordered system with V x /V y = 0.2 with φ = 3/2. Remarkably we found five fixed points at σ xy = 1/2, and they likely lead to the Hall conductivity steps 1, −1, 1, −1, 1 in an infinite system, shown as a zig-zag line in (a). In highlyanisotropic case (V x /V y 1), the perturbative V x distorts σ xy (E) only around the gap to produce the Hall plateau at the gap, so naturally we have a pair of the critical energies with opposite Hall integers around the gap. The trajectories of those fixed points for several values of Γ are shown in Fig. 2(b) . At some point the upper and the lower pairs annihilate respectively and the center is left, which is topologically different from the isotropic case.
Next let us consider the situation where we change the anisotropy V x /V y with the disorder fixed. When the system becomes less anisotropic (V x /V y → 1), we can show that the middle three critical energies merge and the situation as in Fig. 1 recovers. When V x /V y goes to 0 conversely, the upper and lower pairs become closer around the subband gaps respectively and annihilate while the central one is left.
We expect that controlling the QHE by the anisotropy proposed here is sufficiently promising for a real experiment, if a modulation is given by the external gate electrodes as in the recent experiment [3] .
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